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Dykhne-Davis-Pechukas (DDP) method is a common approximation scheme for the transition
probability in two-level quantum systems, as realized in the Landau-Zener effect, leading to a formula
comparable to the Schwinger pair production formula. We revisit the foundation of the DDP method
using a modern complex analysis inspired by the Lefschetz-thimble method. We derive an alternative
approach that can be useful for cases when the DDP method is inapplicable. As a benchmark, we
adopt the modified Landau-Zener model and compare results from the DDP and our methods.
Introduction: Nonadiabatic transitions are ubiqui-
tous phenomena in physics problems such as dielectric
breakdown of a Mott insulator [1, 2], shortcuts to adi-
abaticity in quantum manipulation [3, 4], population
transfer in optics [5–8]. In many-body systems theoret-
ical treatments often reduce to one quasi-particle prob-
lem on energy levels from surrounding mean fields as ex-
emplified in the band theory of solids, the shell model
of nuclei, etc. Then, the essence of quantum tunneling
phenomena is in effect modeled in a form of relatively
simple quantum mechanism. Also we emphasize the con-
nection to particle production in quantum field theories.
For example, the Schwinger mechanism, i.e., pair pro-
duction under external electric field is understood as the
transition from negative- to positive-energy states [9, 10].
Similarly, the Hawking radiation can be also treated as
a simple quantum mechanical problem [11]. It is thus a
problem of paramount importance to consider handy for-
mulas of quantum transition amplitudes usable for multi
purposes.
Let us briefly look over an approach of frequent choice
in various research fields. In the early 1930’s pioneer-
ing works paved the way for real-time quantum dynam-
ics beyond the adiabatic theorem. Among them, Lan-
dau [12] and Zener [13] especially derived an analytical
formula for the transition probability in a two-level quan-
tum model which is called the Landau-Zener model to-
day. Dykhne [14] proposed an approximation method
adaptive for more general two-level quantum systems in
terms of complexified time. Davis and Pechukas [15] de-
rived the method in a clearer manner removing ad hoc
assumptions in Dykhne’s formulation, so this method is
now known as the Landau-Dykhne or the Dykhne-Davis-
Pechukas (DDP) method. We will just call this method
the DDP method throughout.
There are many preceding literatures on the DDP
method; examples include the adiabatic limit [16], non-
linear level-crossing models [17], nonadiabatic transitions
in multilevel systems [18], and so on. We note that more
references are easily found for what is called the Landau-
Zener formula, but the DDP method is a more sophisti-
cated formulation. The most non-trivial is the fact that
the DDP method mystically reproduces the exact ana-
lytical result for the Landau-Zener model, although the
derivation of the DDP method involves several approx-
imating steps. Also we point out that, for the validity
of the DDP method, the following assumptions are re-
quired; (1) The difference of two-level adiabatic energies
δE(t) has a closing point tc 6∈ R where δE(tc) = 0 is sat-
isfied in complex t-plane. (2) The t-contour can be de-
formed from the real axis to the DDP choice (which will
be explained later) without hitting any poles in complex
t-plane. When these assumptions hold, it is empirically
known that the DDP method is a good approximation,
while there are a few exceptions due to pathological be-
havior of δE(t ∼ ±∞) [19, 20]. In the present work we
will pay our special attention on a model which violates
the condition (2) as mentioned above. As soon as poles
hinder the deformation of the integration contour, the
DDP method breaks down and we must employ an alter-
native method taking proper account of the effect of the
poles.
The aim of the present work is to establish another
approximate method based on the Lefschetz-thimble
method. The Lefschetz-thimble method is a modern
complex analysis treating an integral with complexi-
fied valuables. The original targets of the Lefschetz-
thimble method were path integrals in quantum mechan-
ics [21], quantum gravity [22], and quantum field the-
ory. Some examples for recent applications are found for
the QCD sign problem at finite density [23–25] (which
is investigated also in a more idealized one-site fermion
model [26]), the real-time Feynman path integral [27, 28],
the false vacuum decay [29], and so on. This method
provides us with a clear prescription for complex sad-
dle points and attached contours as well as interesting
physics interpretations (see Ref. [30] for a review).
In this work we develop the Lefschetz-thimble inspired
method to calculate the transition probability in two-
level quantum systems. Our approach based on the
Lefschetz-thimble method has advantages over the con-
ventional DDP method. First of all, the Lefschetz-
thimble inspired method is an approximation under the-
oretical control and can be improved systematically.
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2Sometimes the DDP method works well, or artificially
too well beyond the approximation as we discuss later.
Thus, it is hard to judge how reliable the DDP method
is, a priori, in general. Second, the Lefschetz-thimble in-
spired method can deal with poles that obstruct the DDP
method. Therefore, the applicability of our method is
much wider than the DDP method. We explicitly demon-
strate the above advantages using the modified Landau-
Zener model.
Setup: We consider two-level systems as the simplest
quantum mechanical example. Without loss of general-
ity, we can reduce most of two-level problems into the
ones described by the following Hamiltonian [31],
H(t) =
1
2
[
α(t) V (t)
V (t) −α(t)
]
, (1)
where α(t) and V (t) are real-valued functions. We define
eigenvalues E±(t) and eigenstates |χ±(t)〉 adiabatically
obtained from H(t) as
H(t) |χ±(t)〉 = E±(t) |χ±(t)〉 . (2)
We choose E+(t) ≥ E−(t) for t ∈ R. We denote a phys-
ical state obeying the Schro¨dinger equation by |ψ(t)〉
and expand |ψ(t)〉 in terms of |χ±(t)〉, i.e., |ψ(t)〉 =∑
i=± ai(t)e
−iEi(t) |χi(t)〉 with
E±(t) =
∫ t
0
dt′E±(t′) . (3)
We derive the equations of motion for a±(t) from the
Schro¨dinger equation as
a˙±(t) = ±γ(t) e±i∆(t)a∓(t) , (4)
where
∆(t) = E+(t)− E−(t) =
∫ t
0
dt′ δE(t′) , (5)
γ(t) = 〈χ−(t)| d
dt
|χ+(t)〉 (6)
with δE(t) = E+(t)− E−(t). The transition probability
from |χ−(−∞)〉 to |χ+(∞)〉 is given as P = |a+(∞)|2
calculated with initial conditions, a−(−∞) = 1 and
a+(−∞) = 0. To this end, we integrate Eq. (4) with
respect to t to find,
a+(∞) =
∫ +∞
−∞
dt a−(t)γ(t)ei∆(t) '
∫ +∞
−∞
dt eF (t) , (7)
where we defined F (t) = i∆(t)+ln γ(t). To go to the last
expression we employ the first order truncation in the it-
erative approximation, that is, we set a−(t) = 1. Phys-
ically speaking, the time evolution should generally in-
volve many alternate transitions between |χ±(t)〉, but the
above first order truncation corresponds to an approxi-
mation by one time transition from |χ−(t)〉 to |χ+(t)〉.
In other words this is the definition of the amplitute of
our current interest. In any case Eq. (7) is the common
approximation in the derivation of the DDP method.
DDP method: The DDP method is derived from
Eq. (7) with deformed integration contour in terms of
complexified t [15]. In what follows below, we consider
the situation where there exists only one closing point,
tc, such that δE(tc) = 0 in upper complex t-plane.
The second assumption in the DDP method, i.e., de-
formability of the integration contour, needs some more
explanations. The appropriate contour established in the
DDP method is the one determined by
Im∆(t) = Im∆(tc) . (8)
The second assumption holds if there are no poles be-
tween the real axis and this contour. Then, the transition
amplitude from |χ−(−∞)〉 to |χ+(∞)〉 is approximated
by a+(∞) ' exp[i∆(tc)] so that the transition probabil-
ity is
P ' e−2Im∆(tc) . (9)
This may look quite different from the famous Schwinger
formula for the pair production under homogeneous elec-
tric field E. However, if we take the adiabatic en-
ergies as E±(t) = ±
√
m2⊥ + (kz − eEt)2 with m2⊥ =
m2 + k2x + k
2
y, then the above formula immediately leads
to P ' e−pim2⊥/(eE) [where pi appears correctly from
Im ln(i) = pi/2]. Therefore, in this way, Eq. (9) is a pow-
erful tool to investigate the Schwinger mechanism in more
general electric profiles as long as the formula works.
Let us comment on generalization to multiple closing
points in upper complex t-plane. In such a case the DDP
method prescribes that the nearest closing point(s) con-
tributes to the amplitude with proper weights which are
calculable. Our proposed approach, explicated shortly, is
also applicable to the case with multiple closing points
in a similar fashion.
Complex analysis: To approximate the integral in
Eq. (7), instead of the DDP method, we employ the
complex analysis inspired by recent developments of
the Lefschetz-thimble method. One can say that the
Lefschetz-thimble method is a modern refinement of the
steepest descent method. We assume that saddle points,
ts, of F (t) are nondegenerate, i.e.,
∂F
∂t
∣∣∣∣
t=ts
= 0 ,
∂2F
∂t2
∣∣∣∣
t=ts
= |F ′′(ts)|eiφ 6= 0 , (10)
where 0 ≤ φ < 2pi. We expand F (t) around the saddle
point, ts, as
F (t) = F (ts) +
|F ′′(ts)|
2
r2ei(φ+2θ) +O(r3) . (11)
We note that we introduced the polar form, t− ts = reiθ.
The contour along φ+2θ = pi around ts is directed toward
a steepest descent. According to the Lefschetz-thimble
method, the original integration contour is decomposed
into steepest descents from saddle points. The i-th sad-
dle point, ts,i, is attached to a steepest descent Ti and a
3steepest ascent Ki. We note that ImF (t) = (const.) holds
on Ti, which makes a sharp contrast to the previous con-
dition (8) that keeps ReF (t) apart from ln γ(t). Now, it
is a crucial process to specify which saddle points should
be taken into account to recover the original integral ex-
actly. It is known that {Ti} generate the 1st relative ho-
mology H1(X,X−∞,Z) when X denotes complex t-plane
and XT denotes {t ∈ X|ReF (t) < T} [22]. The bases of
H1(X,X−∞,Z) are called the Lefschetz thimbles in the
Picard-Lefschetz theory, which are nothing but steepest
descents in this case. The original integration contour is
the real axis denoted by C0. Then, the original integral
is recovered with the deformed contour,
C =
∑
i
niTi , (12)
if ni ∈ Z are properly determined. It is known that
ni = 〈C0,Ki〉 , (13)
where 〈C0,Ki〉 counts the intersection number between
C0 and Ki with orientation in accord with 〈Ti,Kj〉 = δij .
With Eqs. (7), (11), and (12), we arrive at
a+(∞) '
∑
i
nie
iθi+F (ts,i)
√
2pi
|F ′′(ts,i)| (14)
after performing the Gaussian integration with respect
to r on each thimble, Ti. Equation. (14) is the central
result in our work. We will apply Eq. (14) to a two-level
quantum system to confirm that this formula works more
robustly than the DDP method.
Benchmark test: We note that the DDP method hap-
pens to reproduce the analytical formula exactly in a spe-
cial model called the Landau-Zener model. The diabatic
energies are, however, divergent unphysically as t→ ±∞
and the interaction between diabatic states is constant
in the Landau-Zener model. It is thus desirable to aug-
ment the Landau-Zener model with t-dependence. We
consider the following Hamiltonian,
H(t) =
Λ
2τ
√
1 + (t/T )2
(
t/τ 1
1 −t/τ
)
, (15)
where Λ, τ , and T are positive parameters. In the limit of
T →∞, this model reduces to the Landau-Zener model.
So, we call the above model defined by Eq. (15) the mod-
ified Landau-Zener model, which is sometimes called the
simple Lorentzian singularity model [16]. The difference
of adiabatic energies is given by
δE(t) =
TΛ
τ2
√
t2 + τ2
t2 + T 2
. (16)
This expression of δE(t) has a closing point at t = iτ and
a pole at t = iT in upper complex t-plane. For T > τ the
DDP method is applicable since we can deform the inte-
gration contour without hitting the pole. In contrast, the
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FIG. 1. Analytical structure of F (t) in complex t-plane in the
modified Landau-Zener model with (T, τ,Λ) = (2, 1, 1). The
upper (and lower) solid line represents the steepest descent
with n = 1 (and n = 0, respectively). The dashed lines are the
steepest ascents and the dotted line is the DDP contour. The
cross dots represent the poles, the open-circle dots indicate
the closing points, and the filled-circle dots are the saddle
points.
DDP method breaks down for T ≤ τ , while our method
based on Eq. (14) works for any T and τ .
For T > τ where the DDP method works, we shall
quantitatively justify our proposed method compared
with the DDP method. The transition probability from
the DDP method of Eq. (9) is given by
P ' exp
[
−2TΛ
τ
E
(
τ
T
,
T
τ
)]
, (17)
where E(x, k) is the incomplete elliptic integral of the
second kind. We note that the above expression from the
DDP method approaches the exact analytical Landau-
Zener formula, P → e−piΛ/2, as T →∞.
In the following, we address results from a new method
we propose by Eq. (14). In Fig. 1 we show the analytical
structure of F (t) read from Eq. (15) with the steepest
descents and ascents for (T, τ,Λ) = (2, 1, 1). We implic-
itly assume some scale t0 of t and measure T and τ in
units of t0 [where t0 finally goes away, see Eq. (17)]. In
Fig. 1 the blue dotted line represents the DDP contour
attached to the closing point shown by the open-circle
dots. It is clear that the poles shown by the cross dots
are harmless for the DDP contour deformation. Three
filled-circle dots denote the saddle points of F (t). Solid
and dashed lines represent the steepest descents and as-
cents, respectively. Only the upper (red) steepest ascent
crosses the original integration contour (namely, the real
axis), so that the upper (red) steepest descent has n = 1
and contributes to recover the original integration. We
make a brief remark on branch cuts on Fig. 1. Our choice
of branch cuts runs from t = ±iτ,±iT along the imag-
inary axis in such a way that they never cross the real
axis.
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FIG. 2. Comparison of P as a function of Λ in the modified
Landau-Zener model with (T, τ) = (2, 1). The upper (and
lower) solid line represents the results from this work (and the
DDP method, respectively). The open-square dots represent
the numerical results.
For this case of (T, τ) = (2, 1) Fig. 2 presents P as a
function of Λ; the red solid line represents the estimate
from our new method, the black solid line shows the DDP
results, and the green open-square dots are from the di-
rect numerical calculation.
One might think that the DDP method results in too
good agreement with numerical calculations. In fact such
good agreement is quite unnatural; the DDP method re-
lies on the first order truncation in the iterative approx-
imation, while the numerical calculations do not. There-
fore, this level of agreement exceeds the theoretical lim-
itation. The point is that the DDP method artificially
reproduces the exact analytical formula for the Landau-
Zener model in the limit of T →∞, and so the deviation
is still negligibly small even at T = 2. Thus, we must con-
clude that this too good agreement of the DDP method
is due to a rather accidental reason.
In contrast, the Lefschetz-thimble inspired method is
mathematically founded on the Picard-Lefschetz theory.
We should emphasize that the results from our method
in Fig. 2 (especially the exponential slope) is reasonably
consistent with the numerical calculations within approx-
imation uncertainties. It is interesting to see the dissim-
ilarity between the DDP method and ours in the ana-
lytical structure of F (t). In Fig. 1, as explained above,
the blue dotted line denotes the DDP deformed contour
[on which Im∆(t) = Im∆(tc)], and this is completely dif-
ferent from the red solid line of our contour [on which
ImF (t) = (const.)]. According to our knowledge on the
Picard-Lefschetz theory there is no reason why the blue
dotted line of the DDP contour should be favored for the
evaluation of Eq. (7).
Beyond the DDP method: For T ≤ τ the DDP
method is inapplicable due to the pole at t = iT , whereas
our method is still operative. In Fig. 3 we show the an-
alytical structure of F (t) with the steepest descents and
ascents for (T, τ,Λ) = ( 12 , 1, 1). Two filled-circle dots of
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FIG. 3. Analytical structure of F (t) in complex t-plane in the
modified Landau-Zener model with (T, τ,Λ) = ( 1
2
, 1, 1). The
upper (and lower) solid line represents the steepest descent
with n = 1 (and n = 0, respectively). The dashed lines are
the steepest ascents. The cross dots represent the poles, the
open-circle dots indicate the closing points, and the filled-
circle dots are the saddle points.
the saddle points (in the Imt > 0 region) have the steep-
est ascents crossing the real axis, and so the associated
steepest descents contribute to the integral, i.e., n = 1.
As mentioned before, we choose branch cuts along the
imaginary axis to avoid crossing the real axis. In Fig. 3,
strictly speaking, the black saddle point on the branch
cut is degenerated, but such an analytical structure is
irrelevant, for these saddle points make no contribution
in our approach.
For (T, τ) = ( 12 , 1) Fig. 4 presents P as a function
of Λ; the red solid line represents the estimate from our
new method and the green open-square dots are from the
numerical calculation. There is no data from the DDP
method that simply does not work. We see a sharp sup-
pression of the probability around Λ ' 10. This singular
behavior is understandable from the similarity between
the modified Landau-Zener and the Rosen-Zener mod-
els [32]. Our present work agrees fairly well with the nu-
merical calculation except for the region in the vicinity
of Λ ' 10. One possible explanation for this discrepancy
around Λ ' 10 lies in the first order truncation approxi-
mation to set a−(t) = 1 when we derived Eq. (7). In the
region where P is vanishingly small, higher order terms
from multiple transitions between |χ±(t)〉 are no longer
negligible.
Now, we put our emphasis on the robustness of our new
method compared with the DDP method. The probabil-
ity, P (τ, T ; Λ), is a function of T , τ , and Λ. We could
have shown a 3D plot of P (τ, T ; Λ) for a fixed Λ but,
here, we plot P (τ, 3− τ ; 10) as a function of τ as shown
in Fig. 5. This is a 2D cross section of P (τ, T ; 10) cut
by T = 3− τ along which we can see both regions where
the DDP method does and does not work. For τ ≥ 1.5
the DDP method is inoperative, on the one hand, so the
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FIG. 4. Comparison of P as a function of Λ in the modified
Landau-Zener model with (T, τ) = ( 1
2
, 1). The solid line rep-
resents the results from this work and the open-square dots
represent the numerical results.
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FIG. 5. 2D cross section of P (τ, T ; Λ = 10) cut at T = 3− τ .
The upper (and lower) solid line represents the results from
this work (and the DDP method, respectively). The open-
square dots represent the numerical results.
black line ends at τ = 1.5 in Fig. 5. Our method, on the
other hand, gives consistent estimates for any τ , includ-
ing the parameter region of [(T, τ,Λ)|T ≤ τ ] which the
DDP method fails to access.
Let us make a couple of comments on Fig. 5. Firstly,
we notice a peak around τ ' 1.55 in this work. This peak
is caused by the fact that the structure of the steepest
descents drastically changes at τ ' 1.55. In fact, the
analytical structure changes from one like Fig. 1 to the
other like Fig. 3. Accordingly one critical point that con-
tributes to the integral split into two. These two critical
points are close to each other shortly after the splitting,
so the Gaussian approximation, as done in Eq. (14), be-
comes unreliable around τ ' 1.55. Secondly, we again see
a sharp suppression of the probability around τ ' 1.6, as
in Fig. 4. The underlying mechanism for this suppression
is identical with the previous discussions.
Conclusions: We proposed the alternative method to
estimate the transition probability in two-level quantum
systems inspired by the Lefschetz-thimble method. With
some parameters for which the deformed t-contour hits
poles, the DDP method is inapplicable. Our proposed
method can evade this problem thanks to the structure
of the steepest descents including the pole effects. We
explicitly tested the perfomance of our method in the
modified Landau-Zener model. The comparison to the
direct numerical calculation confirmed that our method
works well in all parameter regions even when the DDP
method does not. Our new method awaits phenomeno-
logical applications in the band theory of solids as well
as the Schwinger mechanism with time-dependent elec-
tric profiles, which will be reported elsewhere.
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